A U-shaped production line with multiple machines and multiple workers is considered under carousel allocation in which all workers take charge of all machines in the same order. Nakade and Ohno (2003) show that, when the processing, operation and walking times are constant, the overall cycle time,
Introduction
In these days, U-shaped layout is commonly used in many production lines. In a U-shaped production line, there are two types of worker allocations, which are separate type and carousel type. In the separate allocation, each worker deals with a unique set of machines. In the carousel allocation, workers deal with all machines in the same route. In this paper, the carousel allocation is considered. An advantage of U-shaped layout is that it is easy to adjust the throughput of finished products from the last machine for fluctuation of demand by changing the number of workers [1, 2] .
Nakade and Ohno [3] have considered a U-shaped production line with multiple multi-function workers, and show the overall cycle time which is a time interval between successive outputs of finished products. When the processing, operation, and walking times are constant, the overall cycle time is the greatest value of the maximal sum of the processing and operation times among machines and the time required for a worker to operate and walk around the production line without waiting for processing divided by the number of workers. They assume that operation times at each machine are the same among workers.
Recently, many temp staffs are employed as workers and they are committed into production lines because of cost reduction. For example, many foreigners and part time workers are employed for a short span. Therefore it becomes difficult to maintain the workers well-skilled in the long time, so the worker's skills remain mutually different.
Nakade and Nishiwaki [4] have considered a Ushaped production line with multiple heterogeneous multi-function workers and propose an algorithm for computing an optimal allocation of workers to machines which minimizes the overall cycle time.
The formula of cycle time derived in Nakade and Nishiwaki [4] is simple and understandable, where it is assumed that different workers are assigned to the different machines. In the other allocation scheme, all workers have operations at all machines and as a carousel workers go around machines. We say this scheme carousel allocation.
In this paper we consider the case that operation times at each machine are different among workers under carousel allocation. In this case, if the processing times are very small, then it may be guessed that the overall cycle time is equal to the greatest value of times required for each worker to operate and walk around the line divided by the number of workers. However, under some specified cases, the overall cycle time is larger than this time, and the overall cycle time changes periodically. We discuss the periodicity of cycle times and observe some properties on cycle times.
In the next section we describe a U-shaped production line. In Section 3 we show that the overall cycle time changes periodically by numerical examples and discuss the periodicity of cycle times. In Section 4 we conclude and discuss future research.
A U-Shaped Production Line
We consider a U-shaped production line with K machines and J workers, which is shown in Figure 1 . It is assumed that J K  . There is enough raw material in front of machine 1. The material is processed at machines 1 to K sequentially, and customers receives finished products from machine K . Workers deal with all machines in the same route and operate an item at each machine. Operation times at each machine may be different among workers, and the operation time of worker at machine is denoted by j k , j k s , which is deterministic. Worker starts his first operation at machine 
. The processing time at machine is denoted by , which is deterministic. When a worker visits a machine, if the preceding worker is operating at the machine or the k Figure 1 . U-shaped production line machine is processing the preceding item, then the worker must wait for the completion of operating or processing. The overall cycle time is defined as a time interval between successive outputs of finished products. We also define the cycle time of worker as the time interval between the successive arrivals of worker at machine . It is noted that the overall cycle time is the cycle time divided by the number of workers. The first cycle time of worker is the time interval between a start of first operation and the first arrival of worker at machine . The th
cycle time of worker is the time interval between the th and th arrivals for worker at machine 1 .
Case of the Same Operation Times among Workers
In the case that operating times at each machine are the same among workers, from Nakade and Ohno (2003), when processing, operation and walking times are constant, the overall cycle time is expressed as
where k s denotes the operation time at machine
. The overall cycle time is the greatest value of the maximal sum of the processing and operation times among machines and the time required for a worker to operate and walk around the production line without waiting for processing divided by the number of workers.
Case of Different Operation Times among Workers
We consider the case that operating times at each machine may be different among workers. In this case, from Equation (1), the overall cycle time may be guessed as
In what follows, we consider the cycle time instead of the overall cycle time. Since the overall cycle time is the cycle time divided by the number of workers, the cycle time may be guessed as
From Equation (3), when processing times are zero, it is guessed that the cycle time is equal to the greatest value among times required for each worker to operate and walk around the line. However, under some specified cases, the cycle time is greater than this value, and the cycle time changes periodically. The examples are shown in the next section.
Periodicity of Cycle time

Numerical Examples
The set of operation times of each worker at each machine is denoted by
where subscript is a number which distinguishes sets of operation times. Table 1 .
Cycle times of all workers are 8 at all cycles except for the first cycle. This is the case that the cycle time does not change periodically. Then the cycle time 8 in Table 1 is equal to the value which is derived from Equation (3). Table 2 .
In this case, the cycle time changes periodically. Except for the first cycle, cycle times of each worker take values of 8 and 11 alternately. The cycle time 8 in Table 2 is equal to the value which is derived from Equation (3). The cycle time 11 is more than the value which is derived from Equation (3). 
Discussion
We investigate many examples including the above, and we have the following properties on the cycle time. 1) In many cases, in which the difference is not so large among workers, the cycle time is the same as Equation (3).
2) If the cycle time changes periodically, then the period of the cycle time is two.
3) If the cycle time changes periodically, then the smaller cycle time is equal to the one which is derived from Equation (3), and the greater cycle time is more than the one which is derived from Equation (3). 4) Initial machines of each worker do not affect the cycle time if an order of arrivals of workers at machine 1 does not change, where, for example, the orders "4,3,2,1" and "2,1,4,3" are regarded as the same order.
5) An order of arrivals of workers at machine 1 affects the cycle time.
The movements of each worker when operation times are equal to are shown in Figure 2 . When operation times are equal to , for example, worker 2 tends to wait for the completion of operation of worker 3 at machine 2 since machine 2 is bottleneck for worker 3. And also, since machine 3 is bottleneck for worker 2, worker 2 operates at his bottleneck machine (machine 3) after the waiting at machine 2. This makes the cycle time of worker 2 amplified. If a worker has his bottleneck machine after the bottleneck machine of his preceding worker, then the cycle time of the worker is amplified. In the next cycle, worker 3 finished his operation at his bottleneck machine (machine 2) while worker 2 operates at his bottleneck machine (machine 3) and the succeeding machines (machines 4 and 1). Therefore in this cycle worker 3 does not need to wait for the completion of the operation of worker 3 at machine 2. Hence the cycle time of worker 2 does not increase in this cycle. These are why the cycle time of worker 2 changes periodically in Figure 2 .
On the other hand, when operation times are equal to , machine 3 is bottleneck for worker 3, machine 2 for worker 2 and machine 1 for worker 1. When worker 3 operates at machine 3, worker 2 tends to operate at machine 2, and when worker 2 operates at machine 2, worker 1 tends to operate at machine 1. That is, when a certain worker operates at his bottleneck machine, the other workers tend to operate at their bottleneck machines. Therefore, cycle times are the same value in every cycle. 1 
S
Let us change initial machines of each worker under the condition that the order of arrivals of workers at machine 1 does not change. Worker 1 starts his first operation at machine 1, worker 2 machine 3 and worker 3 machine 4. Operation times of each worker at each machine is equal to . Then cycle times of each worker are equal to the results which are shown in Table 2 . In all examples which we investigate, initial machines of each worker do not affect cycle times. 2 
Compare sets of operation times with . The set is the case that operation times of workers 2 and 3 at each machine are exchanged in the set . From results of Table 1 and 2, the order of arrivals of workers at machine 1 affects the cycle time. Figure 3 shows the case of and Figure 4 shows the case of . Worker 4 is a dummy worker and the operation times are zero. When we follow arrows from the most upper left node, which is referred as to the initial node, to the most upper right node, which is referred as to the last node, if the sum of cycle times on the route is maximal, then the sum is equal to the sum of cycle times of worker 1 for successive two cycles. In Figure 3 , on the route that the sum of cycle times is maximal, the sum of cycle times is 16. This value is equal to the sum of cycle times for successive two cycles in Table 1 . Similarly, in Figure  4 the sum is 19. This value is equals to the sum of cycle times for successive two cycles in Table 2 . With Comparing Figures 3 with 4 , in Figure 3 there are two nodes at which the operation time is equal to 5 on all routes, while in Figure 4 there are two nodes on which the operation time is equal to 5 on some routes, and there are three nodes on which the operation time is equal to 5 on others. 
Conclusions
In this paper we consider a U-shaped production line with multiple machines and multiple workers under car-
